Recent experiments have focused attention on the properties of chains of atoms in which the atoms are either in their ground states or in highly excited Rydberg states which block similar excitations in their immediate neighbors. As the low energy Hilbert space of such chains is isomorphic to that of a chain of Fibonacci anyons, they have been proposed as a platform for topological quantum computation and for simulating anyon dynamics. We show that generic local operators in the Rydberg chain correspond to non-local anyonic operators that do not preserve a topological symmetry of the physical anyons. Consequently, we argue that Rydberg chains do not yield Fibonacci anyons and quantum computation with Rydberg atoms is not topologically protected.
dynamics of the Rydberg system is restricted to a locally constrained manifold by the Van der Waals interaction:
where n i = 0, 1 is the occupation number of a Rydberg excitation on the atom at site i [64] . While this Hilbert space clearly has a gauge theory description, it is also isomorphic to that of a set of non-Abelian "Fibonacci" anyons [9, 22, 23, 28] . See Fig. 1 . The isomorphism presents the tantalizing possibility that the Rydberg chain, like the Fibonacci chain [29] [30] [31] , can serve as a platform for a variant of topological quantum computation and for quantum information storage [32] [33] [34] [35] . Indeed, previous work [32] has addressed the engineering of specific anyon Hamiltonians (such the Golden chain introduced by Ref. [22] ) with Rydberg atoms. Should Rydberg atoms yield Fibonacci anyons, then they would further provide the first experimental realization of non-Abelian anyons, as despite many decades of experimental arXiv:1909.09652v1 [quant-ph] 20 Sep 2019 effort in semiconducting heterostructures [36] and more recently, Indium nanowires [37] [38] [39] [40] [41] , particles with non-Abelian statistics have proven elusive in the laboratory. In this article, we show that Rydberg chains cannot robustly simulate Fibonacci anyons for two related reasons. First, generic local operators in the Rydberg chain are non-local in the anyon chain. This non-locality is reminiscent of the transcription between spins and fermions in the familiar Jordan-Wigner transformation. The nonlocality immediately implies that simulation of anyonic dynamics with Rydberg atoms has to be infinitely finetuned, and that the Rydberg atoms, unlike the Fibonacci anyons, do not define topologically protected q-bits. Second, the anyonic system exhibits a topological symmetry that the Rydberg system does not. In the boundary condition sector n 0 = n N = 0, many operators in the Rydberg chain do not commute with this symmetry, and thus have no counterpart in the Fibonacci chain. Altogether we conclude that the Rydberg system is properly thought of as a generalized gauge theory (see Refs. [42] [43] [44] ).
The outline of the article is as follows. We review the properties of Fibonacci anyons and the fusion tree basis in Section II, before presenting the map between the Rydberg chain and the Fibonacci chain in Sec. III. We then derive the topological symmetry of anyonic Hamiltonians in Sec. IV and provide examples of operators that are topologically-symmetric. Finally, we discuss the details of trying to simulate Fibonacci anyons via Rydberg atoms and the lack of topological protection for Rydberg q-bits (Sec. V).
II. FIBONACCI ANYONS
Fibonacci anyons are non-Abelian particles in two dimensions [9, 45] . They arise as the quasi-particle excitations of certain topologically ordered fluids, e.g. the ν = 12/5 quantum Hall state [12] . When pinned into a one-dimensional arrangement, we obtain the Fibonacci chain discussed in Sec. II B .
We repeatedly use the process of braiding, or taking a distant anyon around a cluster of other anyons, to constrain the properties of the Fibonacci chain. Although the braiding operation can be represented as a unitary operator in the Hilbert space of the one-dimensional Fibonacci chain, we emphasize that the physical operation can only be performed in two dimensions. In contrast, the Rydberg chain can be measured and manipulated in one dimension.
A. Fibonacci anyons in 2 dimensions
The fundamental degrees of freedom of the Fibonacci chain are Fibonacci anyons, denoted by the symbol τ . Fibonacci anyons have two defining properties. First, any pair of Fibonacci anyons has a net anyonic charge of be either 1 (meaning that the two anyons can be annihilated, leaving no particles behind) or τ (meaning that if the two anyons are brought close together, they will form a single anyon of the same type). This total anyonic charge -the fusion channel of the pair -is reminiscent of the total spin of a pair of particles; we represent the possibilities compactly through the following fusion rules [46] :
Unlike spin, however, the total anyonic charge of any number of Fibonacci anyons necessarily takes on one of only two values, 1 or τ . The second defining property of Fibonacci anyons is their anyonic statistics. Specifically, braiding one Fibonacci anyon around another in two dimensions leads to a net phase that depends on the total fusion channel of the two anyons. This braiding operation is non-Abelian in the sense that it is a matrix-valued operation in the 2-dimensional Hilbert space of the pair of τ anyons. In Sec. II C, we describe how this matrix-valued operation can be used to realize the operator that projects onto the vacuum fusion channel of a cluster of τ -anyons.
We note that a system of non-Abelian anyons in two dimensions is equivalent to a system of bosons with a 'statistical interaction' that is chosen such that the phases due to braiding are accrued under adiabatic exchange (for a detailed discussion, see Ref. [28, 47] ).
B. Fibonacci chain and the fusion tree basis
The Fibonacci chain is composed of a line of N τanyons with labels 1, . . . N . In Fig. 1 , the vertical legs represent the anyons; the anyonic charge of each leg is τ . Each state in the Hilbert space of the Fibonacci chain can be specified by a set of labels Z i for i = 1, . . . N − 1 on each horizontal bond. The Z i basis is called the fusion tree basis, because the Z i labels satisfy the fusion rules in Eq. (2):
Since the trivial anyonic charge combined with the τ anyon always gives a τ anyon, the Hilbert space consists of all assignments of Z i obeying the constraint that no two consecutive bonds take the value 1:
We defineẐ i to be the operator that measures the label
For open chains, the values of Z 1 and Z N −1 are further constrained by the boundary conditions -i.e. by the values of Z 0 and Z N in Fig. 1 . For example, if Z 0 = 1, then we must have
Physically, Z 0 is the net fusion channel of other anyons to the left of the Fibonacci chain, while Z N is the net channel of the anyons to the right. The four possible boundary condition sectors, (Z 0 , Z N ) = (1, 1), (1, τ ), (τ, 1) and (τ, τ ), have different Hilbert space dimensions:
where F k is the k th Fibonacci number, R(1) = 0, R(τ ) = 1, and
is the Golden mean.
In deriving Eq. (6) -and indeed throughout this work -we assume that the net fusion channel of the anyons in the chain (green vertical legs in Fig. 1 ) with the two boundary labels Z 0 and Z N is one. This constrains the total topological charge of the Fibonacci chain to be:
In the (1, 1), (1, τ ), (τ, 1) boundary condition sectors, the net topological charge is unique and respectively given by 1, τ and τ . If Z 0 = Z N = τ however, the net charge can either be 1 or τ .
In what follows, we treat the anyons in the Fibonacci chain as point particles because they are well-separated relative to the correlation length of the topological fluid that they are embedded in.
C. Projectors onto fusion channels
We now discuss how braiding processes in the twodimensional topological fluid hosting the Fibonacci chain determine the nature of the operators that can act on the chain. We first describe how braiding a probe τ particle realizes the operator P 1 N that projects a cluster of N Fibonacci anyons onto the vacuum fusion channel. We then discuss projectors involving a subset of the anyons in the chain.
Realizing projectors through braiding
Consider a pair of probe τ anyons created from the vacuum far away from the cluster of anyons forming the Fibonacci chain. Braid one of the probe anyons τ 0 around the cluster keeping τ 0 extremely far from the cluster at all times, such that only the long-ranged statistical interactions contribute to the accumulated phase. Then return the system to its original state by annihilating the probe particles into the vacuum. A space-time depiction of the 
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x < l a t e x i t s h a 1 _ b a s e 6 4 entire process is shown in Fig. 2 . Note that by deforming the world lines, the process can be represented as a closed loop encircling the anyon cluster ( Fig. 2) ; this representation will be particularly useful in Sec. IV.
Using the basic fusion and braiding data of Fibonacci anyons in 2D [47] , it is easy to show that the above process is described by the operator [47] 
where |i represents the state of the cluster with net fusion channel i = 1, τ . We emphasize that the outcome of the process depends crucially on the fact that we project the two probe anyons onto the vacuum both before and after the braiding experiment. Different choices of the initial and final fusion channel for this pair will result in different coefficients in front of the |τ τ | term in Eq. (9) . For a discussion of these more general statistical interactions, see Ref. [47] . Intuitively, Eq. (9) tells us that if the cluster has a net topological charge of 1, it is indistinguishable from the vacuum at long distances and the statistical interaction between τ 0 and the cluster is zero. As the direct anyonanyon interactions decay exponentially in the distance between the anyons in a gapped topological fluid, their contribution to the accumulated phase of the joint wavefunction of the cluster and the probe anyons in the braid operation also vanishes as the separation between τ 0 and the cluster becomes large. Thus, braiding τ 0 around the cluster is equivalent to braiding it around the vacuum, and the probability that the probe particles annihilate into the vacuum after the braid operation is one.
If the cluster has a net topological charge of τ on the other hand, then the long-ranged statistical interaction with τ 0 can change the net fusion channel of the pair of probe anyons. In this case, the probability that the probe anyons fuse to the vacuum after the braid is less Define P m N = |m m| to be the operator that projects the N -anyon cluster onto a state with net charge m for m = 1, τ . From Eq. (9) we see that:
The braid experiment with probe τ particles can thus be used to realize the operator P 1 N that projects an N anyon cluster onto the vacuum fusion channel. Notice that P 1 N is the net topological charge of the entire Fibonacci chain, and is a c-number fixed by the boundary conditions in all but the Z 0 = Z N = τ boundary condition sector.
Projectors onto fusion channels of subsets of anyons
Braiding the probe τ 0 anyon around a subset of anyons in the Fibonacci chain defines the projection operator that projects the subset into a specific fusion channel [65] . Let P α n (i 1 , ...i n ) denote the operator that projects the cluster of n anyons i 1 , ...i n onto the fusion channel α = 1, τ . For example, P 1 2 (i, j) projects anyons i and j into the vacuum fusion channel. When the anyon site labels are suppressed, the projector acts on all the anyons in the chain to the left of the index in the subscript. Thus, the symbol P 1 i is short-hand for the following operator,
which projects the fusion outcome of the first i anyons in the Fibonacci chain to the vacuum. See Fig. 3 .
D. Relationship toẐi operators
The projectors P 1 i are closely related to theẐ i operators in certain boundary condition sectors. First, note that P 1 i does not act on the boundary label Z 0 . In contrast, we have
so that Z i can be interpreted as the net fusion channel of anyons 1, . . . i with the boundary label Z 0 :
If Z 0 = 1, then Z i is simply the outcome of fusing anyon i with anyons 1, ...i − 1. Consequently, in the (1, 1) and (1, τ ) boundary condition sectors:
In the (τ, 1) boundary condition sector, a similar relation holds because of the identity
and Z N = 1, we have:
Topological charge of anyons i + 1, . . . N = Z i (18) and P 1 N −i (i + 1, . . . N ) = (1 +Ẑ i )/2. When Z 0 = Z N = τ , Z i is not equivalent to the net fusion outcome of anyons in the Fibonacci chain alone (see Eqs. (14) , (17)). In this case, the operatorẐ i acts on the boundary labels and is not completely determined by P 1 i or P 1 N −i (i + 1, . . . N ) (although it commutes with both projectors).
III. THE MAP BETWEEN RYDBERG-BLOCKADED AND FIBONACCI CHAINS
As summarized in Fig. 1 , the states in the fusion tree basis are in one-to-one correspondence with the occupation number states of the nearest neighbor Rydbergblockaded chain in each boundary condition sector if we identify:
The local constraint in Eq. (4) then corresponds to perfect Rydberg blockade Eq. (1). The mapping does not preserve operator locality. Specifically, local operators in the Rydberg chain generically map to non-local operators in the Fibonacci chain. This is reminiscent of the one-dimensional Jordan-Wigner transformation in which local spin operators that anti-commute with parity are mapped to string operators in the Majorana basis.
For example, consider the operatorn i , which measures the occupation number of atom i in the Rydberg chain. From Eq. (19), we find:
As discussed in Sec. II B, the operatorẐ i encodes the net fusion channel of anyons 1, ..i with the boundary label Z 0 (or equivalently, the fusion channel of anyons i + 1, ...N with the boundary label Z N ) and thus requires i or (N − i)-body measurements. Similarly, the operator that flips the Rydberg occupation number on site i, σ x i , maps to a sum of local and non-local operators in the fusion tree basis:
where we have suppressed an additive constant. Although the first term in the RHS is a local projector in the anyon chain, the remaining terms measure the net fusion channel of all the anyons to the left of i − 1 or i + 1 with the boundary labels, and thus make the entire RHS non-local. Interestingly, local operators in the Fibonacci chain map to local operators in the Rydberg chain. For example, the projector onto the vacuum fusion channel of anyons i and i + 1 maps to:
using Eqs. (20) and (21) . More generally, consider an interaction term of range m involving anyons k, k +m−1 and any number of anyons in-between. The interaction term cannot modify the fusion outcome of fusing any collection of anyons with indices in {1, . . . , k − 1, k + m, . . . N } as it does not act on any of these anyons. More stringently, the interaction term cannot measure fusion outcomes associated with these anyons except for their net fusion channels. Let Y denote the net fusion channel of the group of anyons to the left {1, . . . , k − 1} and Y r that of the group to the right {k + m, . . . , N }; our projector is diagonal in Y l,r . As Z k−1 (Z k+m−1 ) is the result of fusing Y (Y r ) with the boundary leg Z 0 (Z N ), we conclude that the interaction term is diagonal in the Z k−1 , Z k+m−1 basis and in general, depends on the values of Z k−1 , Z k+m−1 . Note that the interaction term acts as the identity on the bonds 1, . . . k −2, k +m, . . . N because it cannot measure the internal structure of the left and right groups. Thus, the interaction term at most connects states that differ in their Z k . . . Z k+m−2 labels for any choice of Z k−1 , Z k+m−1 , and maps to a local (m+1)body operator in the Rydberg chain.
IV. TOPOLOGICAL SYMMETRY OF ANYONIC HAMILTONIANS
In this section, we argue that the Fibonacci chain's total topological charge must be conserved under its own dynamics, while the Rydberg chain has no analogous conservation law. We call the principle underlying this conservation "topological symmetry", because it follows from the braiding and fusion rules of the two-dimensional fluid that hosts the Fibonacci anyons. We also discuss the relationship to the topological symmetry of the Fibonacci chain with periodic boundary conditions [22] .
Suppose that the Fibonacci chain's total topological charge is ill-defined. Then, a generic eigenstate can be decomposed as:
Next, consider performing the operation described in Sec. II C. That is, consider creating a pair of τ particles from the vacuum infinitely far away from the chain, bringing one of these around the system at a rate that is sufficiently slow that it does not create any excitations along its path, and re-annihilating the pair into a vacuum state. From Eq. (9):
Suppose the state |E is non-degenerate.
Since O test |E = |E , the process of braiding a test particle infinitely far away from the chain changes its energy. This is clearly impossible for any physical system. Thus nondegenerate eigenstates |E must have a definite fusion outcome.
Suppose the eigenspace at energy E is degenerate. Then, O test |E is a linearly independent eigenstate with the same energy as |E . That is, we can always diagonalize the fusion outcome within the degenerate eigenspace. Thus, in either case, we conclude that like total spin, the total fusion outcome of our system is conserved under the dynamics:
where H is the Hamiltonian of the system. This is the topological symmetry. A few comments are in order. First, the Hamiltonian of a Fibonacci chain is composed of operators that conserve the total topological charge, much as the Hamiltonian of a spin chain with spin-rotational symmetry is composed of terms that conserve the total spin. Unlike in the spin system, however, the topological symmetry does not imply spectral degeneracy. In a SU (2)-symmetric spin system, a fixed total spin S tot > 0 requires that the system as a whole transform in a 2S tot + 1-dimensional representation of SU (2). Fibonacci anyons have no analogue of these representations; an isolated τ particle has no internal quantum numbers apart from its total anyon charge. Correspondingly, Fibonacci anyons permit no raising/lowering operators that commute with H.
Second, Ref. [22] identified a "topological symmetry" associated with a particular operator that commutes with H on a chain with periodic boundary conditions. Though the operator in question (or, more specifically, its square) is related to the braiding process described above, it is physically distinct and represents a process that is specific to the periodic Fibonacci chain. In particular, the topological symmetry with periodic boundary conditions implies a 2-fold degeneracy in the spectrum. Nonetheless both operators capture the conserved quantity that results from the topological order of the two-dimensional fluid that the anyons are embedded in.
A. Number of linearly independent topologically symmetric operators
The topological symmetry restricts the operators that enter into the Fibonacci chain's Hamiltonian in certain boundary condition sectors. We begin here by counting the total number of operators that obey topological symmetry.
In the (1, 1), (1, τ ) and (τ, 1) boundary condition sectors, the topological symmetry places no constraints on the anyonic system's Hamiltonian because P 1 N is a cnumber. In the (τ, τ ) sector however, Eq. (25) imposes that the Hamiltonian is block-diagonal on the two possible fusion outcomes. To see that this reduces the number of possible operators entering the Hamiltonian, note first that any topologically symmetric operator O can be expressed as:
The number of linearly independent operatorsÔ 1 is the number of linearly independent operators in the Fibonacci chain with (1, 1) boundary conditions because the fusion tree basis with Z 0 = Z N = 1 is a basis for the Hilbert space with P 1 N = 1. Similarly, the number of linearly independent operatorsÔ τ is the number of linearly independent operators in the (1, τ ) or (τ, 1) sectors. Thus, from Eq. (6), the total number of linearly independent topologically symmetric operators acting on an anyonic chain with N anyons is:
We observe that n op is less than the number F 2 N +1 of linearly independent operators in the (τ, τ ) boundary condition sector. Thus, not all Hermitian matrices in the (τ, τ ) sector represent valid anyonic Hamiltonians.
B. Examples of topologically symmetric operators
We now investigate which operators commute with the topological symmetry. We show that any projector P 1 m (i 1 , ...i m ) that projects onto the vacuum fusion channel for any subset of m anyons commutes with the total topological charge, while operators such asẐ i that describe the net fusion channel of anyons in the chain with the boundary labels do not. As the topological symmetry acts non-trivially only in the (τ, τ ) boundary condition sector, here we restrict our attention to this case.
Recall that the projector P 1 m (i 1 , . . . i m ) can be carried out by first separating anyons i 1 , . . . i m from the other anyons in the chain, and then braiding a probe anyon around this subset of anyons (see Sec. II C 1). An important feature of the braiding process is that it commutes with P N 1 . A diagrammatic "proof" follows from the representation of P 1 m (i 1 , . . . i m ) as a loop around the worldlines of the anyons with labels i 1 , . . . i m (see Fig. 4 ), on noting that loops in the space-time representation that are able to freely pass through one another indicate commuting projectors. (Conversely, loops that cannot slide past one another represent measurements that do not commute). For further details on the mathematics underlying the diagrammatic calculus, see Ref. [48] . As the loop around the world lines of all N anyons can be passed through any loop encircling a subset of the anyons:
Thus, projectors onto a given fusion channel of a subset of anyons are topologically symmetric operators. The analogue of this statement in the SU (2)-symmetric case is that the total angular momentum of any subset of the spins respects the global SU (2) symmetry. The next question is whether these projectors constitute a complete basis for all operators compatible with topological symmetry. Here simple counting arguments do not suffice: a super exponential in N number of topologically symmetric operators can be constructed by taking tensor products of the different projection operators P 1 m (i 1 , . . . i m ). These operators must be linearly dependent, as their number exceeds the total number of linearly independent topologically symmetric operators n op ∼ φ 2N (see Eq. (28)). Nevertheless, we expect that these operators span the topologically symmetric operator space, as they completely specify the information about the state of the system accessible by measurements on the anyons in the chain. Indeed, in the (1, 1), (τ, 1), and (1, τ ) boundary condition sectors, we can use the mapping between Rydberg operators σ x i and σ z i and nonlocal projectors (Eqs. As explained in detail in Ref. [48] , loops that can slide past each other freely (such as those associated with the projectors P 1 N and P 1 m (i1, ...im) shown in panel (a)) commute, while loops that cannot slide freely past each other (such as those associated with P 1 N and Zi, see panel (b)) do not.
are not topologically symmetric. The space-time diagram in Fig. 4(b) provides the diagrammatic proof. From Eq. (20) , σ z i maps to the projector associated with a braiding process that encircles the boundary label Z 0 , as well as the anyons in the chain with labels 1, . . . i. The resulting loop cannot freely slide past a loop encircling all anyons in the chain; hence
Similarly, using the expression for σ x i in Eq. (21) in terms of projectors that encircle the boundary leg with label 0, it is easily shown that [σ x i , P N 1 ] = 0. We note that finely tuned combinations of operators in the Rydberg chain can be topologically symmetric if they are an algebraic combination of projectors onto a subset of the anyons in the chain.
V. SIMULATING FIBONACCI ANYONS WITH RYDBERG CHAINS
A. Hamiltonians with (1, 1), (1, τ ), and (τ, 1) boundary conditions
In Sec. IV, we showed that all operators in the constrained Hilbert space conserve the total topological charge of the chain in the (1, 1), (1, τ ), and (τ, 1) boundary condition sectors. However, in Sec. III, we pointed out important differences in locality between operators in the Rydberg and Fibonacci chains. For example, in the (1, 1) boundary condition sector, the local Rydberg operator n i ≡ 1 2 (1 + σ z i ) is represented in the Fibonacci model by P 1 i , which projects all anyons to the left of bond i into the vacuum fusion channel. The operator σ x i similarly maps to sums of non-local projectors (see Eq. (21)). Superficially, these differences in locality are reminiscent of those arising in the mapping between the 1D Ising chain and the 1D Majorana chain [11] . However, there is an important distinction: in the latter case, Ising symmetric operators are local in both representations, such that aspects of the dynamics of one model can be usefully studied with the other. In the case at hand, there appears to be no symmetry (or other reasonable restriction) on operators in the Rydberg chain such that they produce only local operators in the anyon chain. As a consequence, any realistic attempt to create a Fibonaccitype Hamiltonian with Rydberg atoms [32] must be the result of fine-tuning, such that only the specific linear combinations of products of σ x and σ z that are local in the anyon model appear. Deviation from this fine-tuning results in an effective Hamiltonian for the Fibonacci chain that is non-local.
B. Hamiltonians with (τ, τ ) boundary conditions
With (τ, τ ) boundary conditions, the net topological charge of the anyon chain can be 1 or τ , and topological symmetry imposes non-trivial constraints on the Hamiltonians. Since the Hilbert space has dimension F N +1 for an N -anyon chain, the total number of operators in the Rydberg Hilbert space is F 2 N +1 ; however as discussed in Sec. IV A, only F 2 N + F 2 N −1 of these are compatible with conservation of topological charge. These include the projectors P i m (i 1 ..., i m ). Thus, in addition to the important differences in locality between Fibonacci and Rydberg Hamiltonians, the spectrum of a Fibonacci chain is block diagonal in the total topological charge, while the spectrum of generic Rydberg Hamiltonian is not. This has striking consequences for the energy spectrum of a Fibonacci chain:
1. The energy spectrum with (τ, τ ) boundary conditions is a direct sum of the energy spectra with (1, 1) and (1, τ ) boundary conditions.
2. The energy spectrum with (1, τ ) boundary conditions is identical to that with (τ, 1) boundary conditions.
These properties of the Fibonacci spectrum could be exploited to test whether a given Rydberg chain is successfully emulating a chain of non-abelian anyons.
C. Consequences for topological quantum computing
One of the most important motivations for constructing quantum simulators that emulate the Fibonacci chain is to exploit the potential of Fibonacci anyons for universal topologically protected quantum computation [30, [48] [49] [50] [51] . We thus discuss some specific architectures for Fibonacci q-bits, their analogues in the Rydberg picture, and the fate of topological protection in the face of random noise in the Rydberg Hamiltonian.
Any Fibonacci chain segment with two or more anyons defines a q-bit by associating the states of total topological charge 1 and τ with the two z-states of the qbit. (Evidently, each chain segment must be in the (τ, τ ) boundary condition sector to be able to represent both possible fusion outcomes). The topological charge of each segment is conserved by any Hamiltonian involving only the anyons on that particular segment; hence the information is topologically protected in as much as different segments can be isolated from each other. Additionally, if the anyons within the segment are weakly interacting, then the energy splitting between the two fusion channel outcomes of each segment can be very small. For example, if the segment contains two well-separated Fibonacci anyons, the splitting between the 1 and τ fusion channels is expected to be exponentially small in the separation. A q-bit of this type is shown in Fig. 5 .
One of the appealing features of non-abelian anyons for applications in quantum computing is that, at least in theory, it is possible to manipulate the state of the q-bit through non-local (braiding) processes, whereas all local operators preserve the state of the q-bit. For the 2-anyon q-bit, the braiding process brings a third anyon between the pair involved in the q-bit (which we assume to be well-separated relative to any relevant correlation lengths); such a process has some amplitude of flipping the state of the q-bit from 1 to τ (and vice versa). Fibonacci anyons are a particularly exciting platform for this type of quantum computing since braiding operations can be used to realize a universal set of quantum gates -in contrast to platforms involving Majorana zero modes, which cannot [52] .
However, there are several obstacles to using Rydberg atoms to simulate Fibonacci q-bits. First, there is no topological symmetry leading to a conserved fusion outcome for each chain segment of Rydberg atoms. In particular, the on-site Rydberg operators σ x i and σ z i for i within the segment fail to conserve the segment's topological charge. Thus, the q-bit's state is affected by random noise in these on-site terms. Second, since the braiding operation is a feature of the anyons in two dimensions, the topologically protected manipulation of quantum information is also not easily achievable with local Rydberg Hamiltonians. Specifically, the braiding process between two anyons separated by a distance m maps to a (m + 1)body fine-tuned unitary gate on the Rydberg atoms; any noise on the unitary gate would decohere all the q-bits defined by the (m + 1) Rydberg atoms. Information is encoded in the net topological charge of the 2-anyon system, which can take on values of 1 or τ .
VI. CONCLUDING REMARKS
In closing, we have described the connection between two different physical problems with isomorphic Hilbert spaces-those of the Rydberg chain characterized by local constraints and of Fibonacci anyons characterized by anyonic fusion rules. The mapping is different from the more familiar Jordan-Wigner mapping between spins and fermions in one dimension in several respects. Specifically, we find that operators that are local in the Fibonacci chain are also local in the Rydberg chain, while local Rydberg operators generically map to non-local anyonic operators. In addition, the Fibonacci chain has a topological symmetry arising from its embedding in a two-dimensional topologically ordered fluid, which has no natural analogue in the Rydberg model. Finally, we showed that the non-locality of the mapping between the spaces implies that q-bits in the Rydberg chain do not have the desired topological protection of quantum information. Irrespective of the application to anyonic simulators, we expect the fascinating interplay of theory [34, [53] [54] [55] [56] [57] [58] [59] [60] [61] [62] and experiment [24] [25] [26] [27] to uncover many new features of constrained systems using the Rydberg atomic simulator.
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